When faced with multiple inputs X ∈ R p + and outputs Y ∈ R q + , traditional quantile regression of Y conditional on X = x for measuring economic efficiency in the output (input) direction is thwarted by the absence of a natural ordering of Euclidean space for dimensions q (p) greater than one. Daouia and Simar (2007) used nonstandard conditional quantiles to address this problem, conditioning on Y ≥ y (X ≤ x) in the output (input) orientation, but the resulting quantiles depend on the a priori chosen direction. This paper uses a dimensionless transformation of the (p + q)-dimensional production process to develop an alternative formulation of distance from a realization of (X, Y ) to the efficient support boundary, motivating a new, unconditional quantile frontier lying inside the joint support of (X, Y ), but near the full, efficient frontier. The interpretation is analogous to univariate quantiles and corrects some of the disappointing properties of the conditional quantile-based approach. By contrast with the latter, our approach determines a unique partial-quantile frontier independent of the chosen orientation (input, output, hyperbolic or directional distance). We prove that both the resulting efficiency score and its estimator share desirable monotonicity properties. Simple arguments from extreme-value theory are used to derive the asymptotic distributional properties of the corresponding empirical efficiency scores (both full and partial). The usefulness of the quantile-type estimator is shown from an infinitesimal and global robustness theory viewpoints via a comparison with the previous conditional quantile-based approach. A diagnostic tool is developed to find the appropriate quantile-order; in the literature to date, this trimming order has been fixed a priori. The methodology is used to analyze the performance of U.S. credit unions, where outliers are likely to affect traditional approaches.
Introduction
In production theory and efficiency analysis, interest lies in estimating the boundary of the set of feasible combinations of inputs and outputs; with multiple inputs and multiple outputs, this is a surface in a multivariate space. Using nonparametric methods to measure firm performance has several advantages, especially when applying robust quantile regression approaches which are not overly influenced by extremes and outliers. As Hendricks and Koenker (1992, p. 58) stated, "In the econometric literature on the estimation of production technologies, there has been considerable interest in estimating so-called frontier production models that correspond closely to models for extreme quantiles of a stochastic production surface." Landajo et al. (2008) and Daouia et al. (2013) review the basic features of quantile modeling for estimation of firms' performance and provide some arguments for the usefulness of quantile regression for such purposes.
Unfortunately, generalization of traditional quantile regression methods to the full multivariate framework, where firms transform a vector of input quantities X ∈ R p + into a vector of output quantities Y ∈ R q + , is thwarted by the absence of a natural ordering of Euclidean space for dimensions p, q greater than one. In applications where p > 1 and q > 1, if the production of a firm is y and its input usage is x, then its relative economic efficiency can be measured via a distance from the point (x, y) to the efficient frontier of the production set, i.e., the upper support boundary of (X, Y ). While output-or input-oriented nonparametric methods based on ideas of Debreu (1951) , Farrell (1957) , and Shephard (1970) consider maximization of production along radial paths while holding inputs fixed, or minimization of inputs along radial paths while holding outputs fixed, Färe et al. (1985) suggest an hyperbolic distance function that measures the maximum feasible reduction in input quantities and simultaneous feasible expansion of output quantities along a hyperbolic path to the efficient frontier. Both radial and hyperbolic efficiency measures are multiplicative, and hence require that input and output quantities be nonnegative. Chambers et al. (1996) introduce a directional distance function that measures distance in an arbitrary, linear direction toward the frontier. The directional distance function can be viewed as an additive measure of efficiency, and thus is able to accommodate negative input or output quantities. All these cases are covered by our approach.
Most of the nonparametric approaches are based on envelopment estimators that are very sensitive to extreme data points and outliers since they envelop the cloud of sample observations. Quantile regression offers an attractive tool to build frontier estimates that are robust to these extreme data points, but, as pointed above, traditional quantile regression cannot be used due to the absence of a natural ordering of Euclidean space for dimensions p, q greater than one. Daouia and Simar (2007) implemented the idea in the output orientation by using quantiles of the conditional distribution of Y given X ≤ x. A similar idea can be adapted to the input orientation, using the conditional distribution of X given Y ≥ y. The use of such a non-standard conditional distribution is motivated by econometric considerations of tail monotonicity but the resulting estimators may exhibit disappointing behavior (see below).
In this paper, we provide a simple and promising procedure for measuring efficiency in the full multivariate case by exploiting unconditional quantiles and their attractive statistical and computational properties, without recourse to regression or dimension-reduction techniques, while overcoming some limitations of the Daouia and Simar (2007) approach based on conditional quantiles. We propose an alternative formulation of the distance from a point (x, y) to the optimal production surface by considering a dimensionless transformation of the (p + q)-dimensional production process. This motivates a new concept of partial frontiers inside the joint support of (X, Y ) but lying close to its efficient full frontier, by using large unconditional quantiles of the transformed variable. By doing so, we recover also the concepts of quantile frontiers obtained by Wheelock and Wilson (2008) for the hyperbolic orientation and by Simar and Vanhems (2012) for the directional distance case. We show that, contrary to the conditional approach, the resulting α-th quantile frontier is uniquely determined regardless the chosen orientation. We also derive desirable monotonicity properties of the resulting efficiency scores and their nonparametric estimators. We provide the asymptotic distributional behavior of the resulting empirical efficiency scores (both full and partial) by using simple arguments from extreme-value theory. The usefulness of the quantile estimator is also established from infinitesimal and a global robustness theory points of view via a comparison with the properties of the conditional quantile-based approach of Daouia and Simar (2007) . In addition, diagnostic tool suggested by robustness theory is presented to find the adequate quantile order α. Finally, we illustrate the approach with an application in the US Bank Industry.
The next section introduces the basic notation and summarizes the previous approaches in this field. Section 3 describes the new formulation of the model and the dimensionless transformation of (X, Y ) that permits generalization of the asymptotic properties of the free-disposal hull (FDH) estimator of Daouia et al. (2010) to the full multivariate setup and extension these properties to hyperbolic and directional distances cases. Using this transformation, Section 3.2 introduces the new quantile-frontier concept, its nonparametric estimator, and provides its asymptotic properties. The links with the (conditional) order-α quantile frontier introduced by Daouia and Simar (2007) are discussed. Section 3.5 analyzes the properties of the new estimator from a robustness point of view by deriving its grosserror sensitivity and its finite sample breakdown point, and compares these with properties of the Daouia and Simar order-α conditional quantile frontier. The theoretical robustness properties suggest a diagnostic tool for choosing the quantile order α in applications. As demonstrated in Section 4 this methodology is particularly useful for measuring the performance of U.S. credit unions, where outliers outliers distort efficiency estimates obtained with more traditional methods.
Basic Notations and Usual Approaches

Previous work on efficiency analysis
Formally, let x ∈ R p + denote a vector of input quantities and let y ∈ R q + denote a vector of output quantities. The attainable set, i.e., the set of feasible combinations of inputs and outputs is
The efficient frontier is defined by
A typical, minimal assumption on Ψ is free disposability of both inputs and outputs; i.e.,
if (x, y) ∈ Ψ, then (x ′ , y ′ ) ∈ Ψ for any (x ′ , y ′ ) such that x ′ ≥ x and y ′ ≤ y. This implies a monotonicity property of the frontier Ψ ∂ . Sometimes convexity of Ψ is also assumed, but we will not use this assumption in our presentation (see, for example, Shephard, 1970 for a comprehensive presentation of production theory).
The efficiency of a firm operating at level (x, y) ∈ Ψ is characterized by the distance to its projection on the efficient frontier. As noted in Section 1, there are several possible directions in which (x, y) might be projected onto Ψ ∂ or in which efficiency might be measured. In the input direction, efficiency is measured by
while in the output direction efficiency is measured by
The hyperbolic measure of efficiency is given by
and the directional measure is given by 6) where g x ∈ R p + and g y ∈ R q + give the direction in which (x, y) is projected onto Ψ ∂ .
Recent work by Daraio and Simar (2005, 2007) , Wheelock and Wilson (2008) , and Simar and Vanhems (2012) has extended the probabilistic interpretation of these measures by Cazals et al. (2002) . Assuming that the random pair (X, Y ) is drawn from a density f (x, y)
with support over Ψ, the joint distribution of (X, Y ) can be described by
which gives the probability of the firm at (x, y) being dominated by another firm producing at least as much output as y but using no more input than x. Under the assumption of free disposability of inputs and outputs, the efficiency scores defined in (2.3)-(2.6) can be defined equivalently as
10) and δ(x, y) = log(δ * ), where 11) and (x * , y * ) is a simple monotonic transformation of (x, y), (X * , Y * ) denotes the corresponding transformed random vector, and H X * Y * (x, y) denotes the corresponding distribution function, analogous to (2.7). If all elements of g x and g y are strictly greater than zero, then x * = exp(x./g x ) and y * = exp(y./g y ), where ./ denotes the element-wise division of two vectors having the same dimension.
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In practice, Ψ is unknown and must be estimated from a sample of iid observations
. The familiar FDH estimator proposed by Deprins et al. (1984) estimates Ψ by the smallest monotone set enveloping the data in X n , and hence relies only on the free disposability assumption. The resulting estimators of the efficiency scores defined in (2.3)-(2.6) are obtained by replacing Ψ with the FDH estimator of Ψ, or equivalently, by replacing H XY (x, y) in (2.8)-(2.10) with its empirical analog, 12) where (·) is the indicator function. For directional distances, the similarly-defined empirical analog of H X * Y * (x * , y * ) can be used to replace H X * Y * (x * , y * ) in (2.11).
In the input and output oriented cases, asymptotic properties of the FDH estimators have been established by Park et al. (2000) for the case where the joint density of (X, Y ) is strictly positive and finite on the frontier Ψ ∂ . These properties have been extended, under similar conditions, to hyperbolic measures by Wheelock and Wilson (2008) and to directional distances by Simar and Vanhems (2012) . Recently Daouia et al. (2010) extended the result for the input and the output oriented measures to more general settings (e.g., where the density f (x, y) either tends smoothly to zero or explodes to infinity when approaching the frontier) using results from extreme value theory. To date, however, these extensions are limited to univariate output (in the output direction) or univariate input (in the input direction), with no such results available for the hyperbolic or directional cases.
A Quantile-based benchmark
In many empirical applications, it would be dubious to assume all observations are measured accurately, raising doubts about the meaningfulness of envelopment estimators such as FDH or data envelopment analysis (DEA).
2 In many applications, some observations may appear so isolated that they hardly seem related to the sample. Indeed, they may not be related when outliers result from data corruption due to by reporting, transcription, or other errors.
Rather than estimating the full frontier Ψ ∂ or distance from a point (x, y) to Ψ ∂ , it may be more sensible to use instead as a benchmark for gauging efficiency a partial frontier lying inside the FDH of the sample. This is the idea of benchmarking relative to quantile frontiers for large values of the quantile order. In the following presentation, we summarize the basic idea for the output orientation; extension to the input, hyperbolic, and directional orientations is trivial.
Instead of estimating the full efficiency measure λ(x, y) defined in (2.9), Daouia and Simar (2007) extend the "univariate" ideas of Aragon et al. (2005) to estimate the order-α partial efficiency score
where α ∈ (0, 1] and H XY (x, 0) = F X (x) is the marginal distribution function of X. Note that this is related to a quantile of the non-standard conditional survival function
Here, for any level of input x such that F X (x) > 0, the order-α output oriented frontier could be described by the surface y ∂ α (x) = y λ α (x, y). Note that for fixed sample size n, λ α (x, y) → λ(x, y) as α → 1; i..e, when α is close to 1, λ α (x, y) is close to the full measure λ(x, y). The empirical analog of (2.13) is 15) and it is easy to see that for fixed n, λ α (x, y) → λ α (x, y) as α → 1, where
is the FDH estimator of λ(x, y). Daouia and Simar (2007) establish that if the order α = α(n) > 0 approaches 1 at the rate n (p+q+1)/(p+q) (1 − α(n)) → 0 as n → ∞, then λ α (x, y)
provides alternative estimator of λ(x, y) with asymptotic properties similar to those of the FDH estimator (i.e., with Weibull limiting distribution and convergence rate n 1/(p+q) ). For finite n, α(n) < 1 and so the corresponding order-α frontier surface (which converges to the full frontier surface Ψ ∂ ) will not envelop all the data points, and so will be more robust to extreme points and outliers than the FDH estimators. The properties of λ α (x, y) from the viewpoint of robustness theory have been investigated by Daouia and Ruiz-Gazen (2006) and Daouia and Gijbels (2011) . Daouia and Simar (2007, Proposition 2.5 ) establish that λ α (x, y) is monotone nondecreasing with x for all α if and only if tail monotonicity of the conditional distribution
The latter is formalized as follows. Let S X ⊂ R p + and S Y ⊂ R q + denote the supports of X and Y , respectively. Then tail monotonicity of
The hypothesis (2.17) is natural in production theory; it implies that the chance of producing less than some value y decreases as firms use more inputs (see, e.g., Cazals et al., 2002) . However, in finite samples, and as illustrated in a simple example below, the estimator λ α (x, y) does not share this property. 3 It will be seen later that both the unconditional quantile-based benchmark introduced below in Section 3.2 and its estimator share this desirable monotonicity property, even without the assumption (2.17).
The adaptation of the conditional quantile approach for other orientations (input, hyperbolic, directional distance) is straightforward (see the references given above, or the survey provided by Simar and Wilson, 2013) . It is important to remember, however, that the resulting order-α frontiers are different depending on the chosen orientation, except in the trivial case where α = 1 (see, e.g., Figure 1 in Wheelock and Wilson, 2008) . We will see in Section 3 that the unconditional order-α quantile frontier defined therein is uniquely determined regardless the chosen orientation.
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3 New Model Formulation and Results
Traditional full efficiency measures
with a continuous, common distribution, and let (x, y) to be input-output pair of the production unit of interest. The following discussion establishes an important connection between traditional efficiency measurement, its empirical estimation, and extreme-value theory. We focus on the output-orientation, but the results extend trivially to other directions. We begin by considering a new formulation of λ(x, y) and its FDH estimator λ(x, y). First, define the random variable Z xy (X, Y ) by writing
where superscripts j denote the jth elements of the vectors Y and y. It is then easily seen that the survival function for the transformed random variable Z xy (X, Y ) is given by 2) and that its right endpoint F ← xy (1) coincides with the technical efficiency of interest λ(x, y). Here, F ← xy (1) is the smallest value of z such that F xy (z) = 1, where F xy (z) is defined implicitly in (3.2). More generally, let
denote the quantile of order α ∈ (0, 1] of a random variable W with distribution function
This leads to a sample of n independent draws of Z xy (X, Y ). By denoting the order statistics of the transformed
, it is clear that the maximum value Z xy (n) coincides with the FDH estimator λ(x, y). As shown below, the general asymptotic distributional behavior of the latter follows immediately from classical extreme-value theory.
Before proceeding, consider briefly the input, hyperbolic, and directional orientations. In the input-orientation, redefine Z xy (X, Y ) as
where division of a nonnegative real number by 0 is defined to yield infinity. Then
(note that here, the support of Z xy (X, Y ) is the affinely extended set of nonpositive real numbers R − ∪ {−∞}, indulging some abuse due to the possibility that an element
, where the transformed random variable is
with survival function given by
for z ≥ 0.
By using the monotonic transformation described in Simar and Vanhems (2012) , the directional distance case, for any direction (g x , g y ) > 0, is covered by the hyperbolic case, with the modifications given in Simar and Vanhems if some of the components of (g x , g y ) are equal to zero. Note that efficiency measurement is not a symmetric concept, and thus the three directions related to the distributions H XY (x, zy), H XY (−zx, y) and
have to be treated separately. For the sake of conciseness, the presentation below is only in terms of the output-orientation; similar considerations apply for the other directions.
The following proposition provides a necessary and sufficient condition under which the FDH estimator converges in distribution and characterizes the limit distribution with the convergence rate.
Proposition 3.1. There exist constants b n (x, y) and a non-degenerate distribution G xy such that as n → ∞,
if and only if
for some ρ xy > 0, where L xy is a slowly varying function (L xy ∈ RV 0 ); i.e.,
In addition, the only possible limit distribution is the Weibull with parameter ρ xy , i.e.,
The normalizing constants may be chosen as
Proof: Following, e.g., Resnick (1987, Proposition 0.3, p.9) , if there exist b n > 0 and a
the type of extreme-value distribution described in the proposition. By Proposition 1.13 in Resnick (1987, p.59) , there exists b n > 0 such that b
In this case, we may set
It is easily seen that the necessary and sufficient condition is equivalent to (3.9), which completes the proof given that λ(x, y) =
In the particular class of slowly varying functions L xy such that L xy (t) = ℓ xy > 0 as
, we recover the standard assumption in the statistical literature on frontier modeling that the joint distribution of (X, Y ) is an algebraic function of the distance from its support boundary ; see, e.g., Härdle et al. (1995) , Hall et al. (1997) , Hall et al. (1998) , Gijbels and Peng (2000) , Hwang et al. (2002) , and Daouia et al. (2010) . This translates in our context into the property
The condition (3.13) turns out to have an intuitive interpretation in terms of the data dimension (p + q) and of the shape of joint density
near the upper support boundary of (X, Y ). Indeed, assuming that ρ xy > p + q − 1 and that ρ xy , ℓ xy and λ(x, y) are differentiable with positive first partial derivatives of λ(x, y) with respect to x, and negative first partial derivatives with respect to y, it is not hard to verify
where β xy = ρ xy − (p + q) > −1 and c xyz is a positive constant.
Thus the regular variation exponent ρ xy turns into a parameter with an intuitive interpretation. We see that the case ρ xy = p + q corresponds to a joint density having a jump at the frontier (i.e. β xy = 0). 5 In this case we easily recover the standard rate of convergence n 1/(p+q) for the FDH estimator λ(x, y) as established by Park et al. (2000) , where the rate was obtained after a rather complicated proof under some restrictive conditions. The case ρ xy > p + q (respectively: ρ xy < p + q) corresponds to a joint density which decays to zero smoothly (respectively: rises up to infinity) as it approaches the support boundary.
The mean-square error of λ(x, y) follows from the next proposition.
where Γ(·) denotes the gamma function.
in Resnick (1987, p.77 ) that 16) provided that the convergence in distribution to G xy holds.
New quantile-based partial efficiency scores
Section 3.1 demonstrates the that transformation to the multivariate, random variables (X, Y ) to the univariate random variable Z xy (X, Y ) introduced in (3.1) allows derivation of asymptotic properties of the FDH efficiency estimator in a much simpler fashion than was previously known. Of course, applying the transformation in (3.1) to each of the sample observations does not get rid of any effects of outliers in the sample. However, the transformation allows us to derive unconditional output-and input-oriented quantile estimators that are robust with respect to outliers.
Motivated by the arguments and the transformation introduced above, we first propose the following alternative formulation of a quantile-type efficiency score and its estimator, in place of λ α (x, y) and λ α (x, y) defined in (2.13)-(2.15). For any α ∈ (0, 1), define
where The new α-score λ ⋆ α (x, y) is closely related to the quantile efficiency score λ α (x, y). On one hand we have
On the other hand, the efficiency score of Daouia and Simar (2007) is
Clearly, the former is equal to the latter, i.e. λ
This provides a natural lower bound for the choice of the order α for our new measure: for
Proof: We have seen that
From this, it is easily seen that the function x → F xy (z) is monotone nonincreasing with x, for every y ∈ R q and z ∈ R. Recall that λ ⋆ α (x, y) = F ← xy (α), i.e., the α-quantile of F xy . Let α ∈ (0, 1] and y ∈ R q . If x 1 ≤ x 2 , we have 23) where the last inequality holds by the definition of quantiles. It follows that λ
which completes the proof. The same argument can be applied for the estimator once we realize that (3.25) and using the fact that λ ⋆ α (x, y) is the α-quantile of F xy . By contrast, and as observed in Section 2, the usual conditional quantile score λ α (x, y) shares this monotonicity property if and only if (2.17) holds, whereas, the nonparametric estimator λ α (x, y) does not share this property in finite samples, leading often to disappointing results. It is also clear that this monotonicity property holds for any chosen orientation (input, hyperbolic or directional distance).
As discussed by Daouia and Simar (2007) and illustrated by Wheelock and Wilson (2008) and the example below in Section 3.3, the conditional approach in Daouia and Simar yields partial frontiers of the same order that are different, depending on whether an input-or output-orientation is used. As noted above, the (unconditional) quantile frontier developed here is unique for a given order α; i.e., it does not depend on the chosen direction. Consider the set
This frontier has a natural economic interpretation as the locus of production plans having probability (1−α) of being dominated. Clearly it is straightforward to adapt the notations for the other orientations, defining the order-α frontiers by the set of points satisfying θ
The interesting feature of the unconditional approach is that the order-α frontier is uniquely determined, keeping the same economic interpretation regardless the chosen orientation. Of course distance to the frontier, measured by the order-α efficiency scores, will differ depending on the orientation.
A simple example
To illustrate the ideas presented so far, consider a simple example where p = q = 1 and Ψ is the triangle with vertices at (0, 0), (1, 0), and (1, 1) with the joint density of (X, Y ) given by
For α ∈ (0, 1] and 0 < y ≤ x ≤ 1, it is easy to see that the input-and output-oriented conditional order-α efficiency measures suggested by Daouia and Simar (2007) are given by
It is also not hard to verify that the hyperbolic order-α efficiency measure introduced by Wheelock and Wilson (2008) is given by
We have in particular, λ(x, y) = θ −1 (x, y) = γ 2 (x, y) = x/y. The corresponding partial α-frontiers are defined by the sets {(θ α (x, y)x, y) | (x, y) ∈ Ψ} in the input direction,
Ψ} in the hyperbolic direction. Now consider a random sample of size n = 100 drawn from the density in (3.27). Panels where
Proof: By Serfling (1980, Theorem A, p.77),
as n → ∞. Then the desired result holds automatically since √ n F and asymptotically valid confidence intervals for λ ⋆ α (x, y) that do not depend on f xy (λ ⋆ α (x, y)) and that are easy to compute. Proposition 3.6. Assume the conditions of Proposition 3.5. Define for any z > 0 the interval 35) where
Proof: The result follows after applying the asymptotic approach of Serfling (1980, Section 2.6.3, pp. 103-104) in conjunction with the identities
and
. Note that the interval I Sn (z) does not require the value of the density function f xy at λ ⋆ α (x, y) to be known, and is asymptotically equivalent to I Qn in the sense that their lengths coincide asymptotically at the rate n −1/2 . The value of z can be chosen by the researcher to obtain confidence intervals of some specified coverage; for example, to obtain a 95-percent confidence interval, z = Φ −1 (0.975) ≈ 1.959964.
Next, we establish an analogous asymptotic representation for α = α n → 1 with n(1 − α n ) → ∞ as n → ∞. f xy (z) exists and is positive. Let α n = 1 − k n /n such that k n /n → 0 and k n /(log n) 3 → ∞. Then (3.32) holds for α = α n , where
as n → ∞ with probability one.
, the proof for the case α n = k n /n → 0 as n → ∞ can be found in Watts (1980, Theorem 1). It is not hard to verify that the case α n = 1 − k n /n is similar, so the proof is omitted here.
The next result establishes asymptotic normality of λ ⋆ αn (x, y) for α n → 1 at a suitable rate, so that λ ⋆ αn (x, y) also converges to the FDH estimator λ(x, y). The proposition uses a sufficient condition that is standard in extreme value theory, i.e., the von Mises condition. 
for some ρ xy > 0, then for α n = 1 − k n /n with k n → ∞ and k n /n → 0 as n → ∞,
Proof: This elegant result is due to Falk (1989) , who proved under the von Mises condition
from which the desired result follows immediately.
Proposition 3.8 indicates that the conclusion of Proposition 3.5 remains valid for α = α n → 1 with n(1 − α n ) → ∞ as n → ∞.
The last result in this section establishes an important connection between λ ⋆ αn (x, y) and the true, full efficiency measure λ(x, y) as α n approaches 1. When α n = 1 − k/n with k fixed, the estimator λ ⋆ α (x, y) converges to the true efficiency λ(x, y), with the same scaling as the FDH estimator but with a different limiting distribution. 
where the distribution function 
Robustness and Tuning Parameter Selection
Here we first demonstrate the superiority of our benchmark statistic
where (X, Y ) n k denotes the contaminated sample by replacing k points of (X, Y ) n with arbitrary values.
Proposition 3.11. For (x, y) ∈ R p+q + and α n ∈ (0, 1),
where [nα n ] denotes the integer part of nα n .
Proof: Our replacement breakdown value can be recovered immediately from the breakdown point of univariate quantiles by using RB T αn
Note that the conditional quantile-based version λ αn (x, y) achieves the sample breakdown remains resistant to the influence of isolated outliers. 
A multivariate example
Before turning to our empirical application involving U.S. credit unions, we give here another brief example to illustrate the ideas that have been developed so far. Charnes et al. (1981, Tables 1-4, pp. 680-682) list input and output data for 70 schools in an application where they examine efficiency in educational production. These data serve to illustrate our new methods in a multivariate framework with p = 5 inputs, q = 3 outputs, and n = 70
observations. In addition, the Charnes et al. data can be used by the interested reader to replicate this example. Moreover, these data have been used by Wilson (1993) and Simar (2003) to illustrate outlier-detection methods, and are known to contain several outliers. to k = i − 1 are shown in the columns labeled D n (α) (note that the column labeled i in Table 1 indexes observations in the case of the columns giving the FDH efficiency estimates, but here it serves to define k in determining α = 1 − k n for purposes of computing D n (α)).
Starting with k = 69 (i.e., i = 70) and working backward, the diagnostic is flat until k goes from 19 to 18 (i.e., i goes from 20 to 19), suggesting that one should set α = 1 − 19 70
≈ 0.7286.
The columns in Table 1 show the transformation in (3.1) applied to each observation i = 1, . . . , n using the first observation as (x, y). In the columns labeled "Sorted," these A number of studies, including Smith (1984) , Fried et al. (1993) , Fried et al. (1999), Frame and Coelli (2001) , Frame et al. (2003) , and Bauer (2008) The same period saw the deregulation of deposit interest rates and branch banking, the imposition of risk-based capital requirements, and numerous other regulatory changes affecting depository institutions.
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Most credit unions operate at small scale while specializing in "relationship" lending.
Credit unions are mutual organizations that provide deposit, lending, and other financial services to members (i.e., depositors or borrowers) sharing a common occupational, fraternal or other bond. A common bond is advantageous because it can reduce the cost of assessing the credit-worthiness of potential borrowers, facilitating unsecured lending on reasonable terms to the credit union's members. However, as with other lenders, recent advances in information processing and communications technology have reduced costs of acquiring information about potential borrowers, and consequently have reduced some of the advantages of small scale and common bond that in the past enabled credit unions to provide financial services at low cost to their memberships.
Over the last three decades, membership in credit unions has grown at a faster rate than 8 See Berger (2003) for details and analysis of the effects of new technology, including advances in IT, on productivity growth in the banking industry and on the structure of the banking industry.
9 Spong (2000) provides a summary of current U.S. banking regulations.
U.S. population. Wheelock and Wilson (2011) Large credit unions have experienced faster growth in total assets, membership, and earnings than small credit unions (Goddard et al., 2002) . Wheelock and Wilson (2011) report that, after adjusting for inflation, the average credit union held 6.5 times more assets in 2006 than the average credit union in 1985. 10 As with banks and savings institutions, the number of credit unions has declined sharply due to consolidation within the industry. While a peak of 23,866 credit unions operated in 1969, by 2006 only 8,662 credit unions were in operation. Wheelock and Wilson (2011) note that the Credit Union Membership Access Act of 1998 facilitated this consolidation by weakening the common bond requirement, permitting credit unions to accept members from unrelated groups. Since passage of this act, the number of credit unions characterized by multiple common bonds has since increased rapidly. 
Empirical Analysis
Credit unions use a number of inputs to produce a wide range of services. In order to examine empirically the performance of credit unions, limited data and, in the case of nonparametric approaches, limits on the number of dimensions that can reasonably be examined, dictate use of simplified models. Our analysis is uses an input-output mapping similar to that used by Wheelock and Wilson (2011) , which in turn is similar that employed by Frame et al. (2003) and Frame and Coelli (2001) . Specifically, we model credit unions as service providers serving as financial intermediaries that borrow from cash-rich members and lend to cash-poor members, subject to constraints of the prevailing production technology.
We specify three output quantities (q = 3) (i) total loans (Y1); (ii) investments (Y2); (iii) average interest rate on deposits (Y2); and (iv) the inverse of average interest rate on loans (Y3). The first and second outputs reflect the lending function of credit unions, while the third and fourth outputs serve to capture the "service" provided to credit union members in terms of favorable rates on deposits and loans. In addition, we specify two inputs (p = 2):
(i) total shares and deposits, reflecting borrowing by credit unions (X1); and (ii) labor, measured in full-time equivalents (X2). Further details, including credit union call-report variables used to construct our inputs and outputs, can be found in Wheelock and Wilson (2011 , Table 1 ).
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Our input-output specification does not include a measure of risk. Consequently, our results should be interpreted with some caution. For a given level of deposits, a credit union that maximizes loans, investments, and the two price variables may find itself operating with a very thin capital margin as well as spread between interest rates on loans and deposits.
12 Call report data for individual credit unions are available from the National Credit Union Administration (www.ncua.gov).
In Y1, Y2, and X1, we use the (constant) dollar amounts of loans, investments, and shares and deposits. Although one might wish to consider the number of credit union members that are served, data for the number of loans, investments, shares, or deposits are not available in the call report data.
Our specification of credit unions' inputs and outputs follows the lines of other studies such as Frame and Coelli (2001) , Frame et al. (2003) , Wheelock and Wilson (2011, 2013) , and others. In particular, our input-output specification reflects the view that credit unions are similar to small community banks, with the additional mandate to provide "service" in the form of favorable interest rates to depositors and borrowers. We treat deposits as an input, as do the studies listed above, because credit unions necessarily must borrow from depositors in order to lend to borrowers. We estimate technical efficiency in the output direction so that our results can be interpreted as a measure of how well credit unions produce loans and other outputs given their observed level of deposits and other inputs.
Of course, this translates into risk. In our model, the "optimal" level of efficiency may be short of operating on the full frontier. While it is difficult to quantify risk from the data that are available to us, our results give an idea of the operating characteristics of the credit union industry as a whole. Consequently, in the discussion that follows, we focus on the distribution of estimated efficiencies, rather than on efficiencies of individual credit unions in our sample.
Our data include 13,223 and 8,161 observations for (year-end) 1989 and 2006, respectively.
13 Summary statistics for the input and output variables are given in Table 2 , where the columns labeled "Q1,", "Q2," and "Q3" give the first, second (median), and third quar- 13 We omitted observations where either loans or investments were negative, interest rates were outside the range (0, 1), or where inputs were negative. Such observations reflect obviously incorrect values.
14 Interest rate data are from series MPRIME and MORTG, not seasonally adjusted, St. Louis Federal Reserve Bank FRED database, http://www.research.stouisfed.org/fred2/.
15 Given the large sample sizes in both years, it is perhaps not surprising that the diagnostic D n (α) would lead to choosing large values for α. Note, however, that the diagnostic does not return α = 1, which would lead to estimation of the full-frontier. Instead, the diagnostic indicates that a quantile lying perhaps "very close" to the frontier should be the benchmark. To further examine the performance of the diagnostic in Table 3 shows results for estimation of (output-oriented) technical efficiency in both 1989 and 2006; the columns labeled "Q1," "Q2,", and "Q3" give the first, second, and third quartiles of the estimated efficiency levels. The maximum among both the FDH and DEA estimates for 1989 are implausibly large; it is difficult to imagine, from a practical viewpoint, that there might be a credit union that could increase its output by a factor of more than 7, or even 3, while holding input levels fixed. In order to gauge the precision of our estimates, we used the result in Proposition 3.6 to estimate 95-percent confidence intervals for each credit union in 2006. Using α = 0.9951 as suggested by the diagnostic function D n (α) as detailed above, we obtain non-zero estimates λ ⋆ (x, y) 8,110 cases among 8,161 observations (recall from (3.21) that estimates equal to zero occur whenever α ≤ 1 − F X (x)). Among the 8,110 observations with non-zero efficiency (3.51), we repeated the exercise using the data for 2006, but with only the first 200, 500, 1,000, and then 2,000 observations. The corresponding values of α chosen by the diagnostic exercise were 0.9000, 0.9260, 0.9710, and 0.9755. This seems reasonable; in smaller samples, one is necessarily less certain than in larger samples whether a particular extreme observation should be classified as an outlier. Our diagnostic procedure reflects this, and chooses quantiles closer to the full frontier as the sample size becomes larger.
estimates, the widths of our estimated 95-percent confidence intervals range from 0.0163 to 0.5436, with a median value of 0.0632. Ninety percent of these estimated confidence intervals have width less than 0.0986, and 99-percent have width less than 0.1571. Of course, these results are specific to the sample of credit unions we have used, and depend on the density of the data over the production set. Nonetheless, given the wide variation in estimated efficiencies in Table 3 , and the tightness of most of our estimated confidence intervals, it is apparent that our new estimator finds many significant differences in efficiency among the credit unions in our sample.
Summary and Conclusions
The (unconditional) hyperbolic order-α quantile and its estimator introduced by Wheelock and Wilson (2008) was motivated, in part, by the different (i.e., depending on a priori chosen direction) conditional order-α quantiles introduced by Daouia and Simar (2007) .
More recently, these ideas have been extended to directional measures by Simar and Vanhems (2012) , where the resulting order-α quantile is also independent of the chosen direction, and is the same as in the hyperbolic case. The new quantile methods presented in this paper reconcile the input and output oriented measures; as noted in Section 3.2, the unconditional quantile frontier of order α is unique, and does not depend on on the chosen direction.
This differs from the conditional quantiles of order α discussed by Daouia and Simar, which differ depending on whether an input or an output orientation is used. The new input- 
